Some Open Problems in Topological Algebra 
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This is the hst of open problems in topological algebra posed on the conference ded- 
icated to the 20th anniversary of the Chair of Algebra and Topology of Lviv National 
University, that was held on 28 September 2001. 

Problem 1 (Choban). Is every topological group a quotient group of a zero- dimensional 
topological group of the same weight? When an almost metrizable topological group is a 
quotient of a zero- dimensional group of the same weight? 

A space X is zero- dimensional if dimX = 0. A topological group is almost metrizable 
if contains a compact subset of countable character. Let us make some comments to this 
problem. If a topological group G is a quotient of an almost metrizable group H with 
indH = 0, then G contains a zero- dimensional compact subgroup of countable character 
in G. 

If i/ is a zero-dimensional subgroup of countable character in a group G and xh = hx 
for every x E G and h E H, then G is a quotient group of some almost metrizable 
zero-dimensional group of the same weight. In particular the answer to the first part 
of Problem 1 is positive for metrizable groups (see [S], and for almost metrizable 
abelian groups. A.V.Arhangel'skii proved that every topological group is a quotient of a 
zero-dimensional cr-discrete group. For universal algebras this fact was proved in [7]. 

Problem 2 (Choban). Under which conditions is the free universal algebra of an un- 
countable signature over a metrizable space X paracompact? In particular, is the free 
topological linear space L{X) of X over the discrete field of real numbers paracompact? 

A semigroup S with the identity e endowed with a topology is called a left (resp. right) 
bounded if for every neighborhood U of e there is a finite subset F of S such that S = FU 
(resp. S = UF); S is called bounded if S is both left and right bounded. 

For a topological space X let S{X) C X^ be the semigroup of all continuous self- 
mappings of X endowed with the topology of pointwise convergence (i.e., the topology 
inherited from the Tychonov product X^). A topological space X is called homogeneous 
if for any points Xi,X2 & X there is a homemorphism h of X with h{xi) = X2- 

Problem 3 (Protasov). Is the semigroup S{X) left bounded for every zero- dimensional 
compact homogeneous space? 



The answer is positive provided X has a base of the topology, consisting of pairwise 
homeomorphic clopen subsets, see pjj. 

Problem 4 (Protasov). Is the semigroup S{X) right bounded for any zero- dimensional 
homogeneous space X? 

The answer is positive provided X has a base of the topology, consisting of clopen 
subsets homeomorphic to X, see [TT] . 

Let X be a topological space. A subgroup H of S{X) is called distal if for any 
distinct points xi,X2 & X and any point x & X there is a neighborhood U of x such that 
{h{xi), h{x2)} ^ U for all h & H. It is proven in [111 Theorem 4] that a left bounded 
subgroup H C S{X) is distal provided H acts transitively on X. 

Problem 5 (Protasov). Let X be a compact space and H be a distal subgroup of S{X), 
acting transitively on X . Is H left bounded? 

Under a left-topological group we understand a pair (G, r) consisting of a group G 
and a topology r invariant with respect to the left shifts Ig : x ^ gx. If, in addition 
T is invariant with respect to the right shifts, then {G, r) is called a semitopological 
group. A semitopological group G with continuous inverse mapping x i— )■ x^^ is called 
a quasitopological group. If the group operation of G is continuous with respect to the 
topology r, then (G, r) is a paratopological group. If, additionally, the operation of taking 
the inverse is continuous, then (G, r) is a topological group. 

It is well known that cr-compact topological groups have countable cellularity [14j 
while compact topological groups support a strictly positive probability measure (i.e., a 
Borel probability measure such that ii(U) > for any nonempty open subset U of the 
group). Recently T. Banakh and O. Ravsky [3j (see also |1]) proved that any bounded 
paratopological group G has countable cellularity (moreover, each cardinal of uncountable 
cofinality is a precaliber of G). On the other hand, according to [12j for every infinite 
cardinal r there is a left bounded left topological group of cellularity r. 

Problem 6 (Protasov). Let G be a bounded semitopological (quasitopological) group. Has 
G countable cellularity? 

To answer Problem |6] in negative it suffices to give a positive answer to 

Problem 7 (Protasov). Does every zero- dimensional compact homogeneous space admit 
the structure of a left topological group ^ In particular, does the countable power of a 
first- countable zero- dimensional compact space K admit the structure of a left topological 
group ? 

Let us remark that according to Motorov Theorem the countable power K'^ of each 
first-countable zero- dimensional compact space K is homogeneous, see |2]. 

On the other hand, a positive answer to Problem [H] would follow from the positive 
answer of 

^This problem was answered in negative by Banakh in [T. Banakh, A homogeneous first- countable 
zero- dimensional compactum failing to be a left-topological group, Mat. Stud. 29 (2008) 215-217]. 
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Problem 8 (Protasov). Does every compact left topological group G support a strictly 
positive probability Borel measure? 

There exists a compact left-topological group admitting no invariant probability Borel 
measure, see [10]. 

Problem 9 (Protasov). Can everu non- discrete topological group G be algebraically gen- 
erated by a nowhere dense subsef^ 

Let us mention that each countable topological group is algebraically generated by 
some closed discrete subset (see reference in [13]) while every left topological group is 
algebraically generated by some subset with empty interior |13j . 

A paratopological group G is left u-bounded (resp. right u-bounded) if for any neigh- 
borhood U C G of the origin there is a countable subset F C G with G = FU (resp. 
G = UF); G is u-bounded if it is both left and right oj-bounded. 

Problem 10 (Guran). Is a paratopological group G left u-bounded if it is right u-bounded? 
For topological groups the answers to the last two questions are in positive, see [H]. 

A subset A of a topological group G is called o-bounded if for any sequence (f/n)new of 
neighborhoods of the origin of G there is a sequence {Fn)neuj of finite subsets of G such 
that A C Unew ^nUn- It is clear that each cr-compact topological group is o-bounded 
while each o-bounded group is a;-bounded. Next, given a subset v4 of a topological group 
G, consider the following game OF(A) (abbreviated from Open-Finite). Two players, I 
and 11, choose at every step k E u a, neighborhood [/„ C G of the origin, and a finite 
subset Fn of G, respectively. At the end of the game, the player II is declared the winner 
if ^ C UnGw FnUn- It is easy to see that for a a-compact group G the player II has a 
winning strategy in the game OF(G'). On the other hand, if a topological group G is not 
o-bounded, then the player I has a winning strategy in OF(G). 

Problem 11 (Banakh). Is there a (metrizable) o-bounded topological group G such that 
the player I has a winning strategy in the game OF(G)? 

Such a group, if exists, cannot be analytic and abelian (more generally, a SIN-group). 
We remind that a topological space X is analytic if it is a metrizable continuous image 
of a separable complete metric space. On the other hand, the group 1,^ contains a dense 
o-bounded G^-subset A such that the first player has a winning strategy in the game 
OF(A), see [5]. 

Problem 12 (Banakh). Let A be a compact subset of the real line M such that A — A = 
{a — a' : a, a' & A} is a neighborhood of zero in M. Has the sum A -\- A -\- A -\- A non-empty 
interior m M? 

^The answer to Problem 6 is "No": under CH the topological group M'^^ contains a dense non- 
separable subgroup G such that each meager subset of G generates a metrizable separable subgroup of 
G; see Proposition 13.8 in [I. Protasov, T. Banakh. Ball stuctures and colorings of graphs and groups / / 
(Mat. Stud. Monograph Series. 11), VNTL Publ. 2003, 148p.] 



3 



References 

[I] A. V.Arhangel'skii. Any topological group is a factor group of a zero- dimensional topo- 
logical group // Dokl. Akad. Nauk SSSR, 258 (1981), 103 7- 1040, (English transl. Soviet 
Math. Dokl. 23(1981)). 

[2] A.V. Arkhangelskii. Topological homogeneity. Topological groups and their continu- 
ous images / / Uspekhi Mat. Nauk. 42 (1987) 69-105, (English transl. Russian math. 
Surveys. 42 (1987) 83-131). 

[3] T. Banakh, 0. Ravsky. Oscillator topologies on paratopological groups and related 
number invariants / / Algebraical Structures and their Applications, Kyiv: Inst. Mat. 
NANU, (2002) 140-153. 

[4] T. Banakh, 0. Ravsky. Chain conditions and invariant measures on paratopological 
groups (in preparation). 

[5] T. Banakh, L. Zdomsky. Games on multicovered spaces and their application in topo- 
logical algebra, in preparation. 

[6] V.K. Bd'nov. On zero-dimensional groups // Dokl. Akad. Nauk SSSR, 226(1976), 
249-252, (English transl. Soviet Math. Dokl. 17(1976)). 

[7] M.M. Choban. On the theory of topological algebraic systems / / Trans. Amer. Math. 
Soc. 48 (1986), 115-159. 

[8] M.M. Choban. Some questions in the theory of topological groups / / General Algebra 
and Discrete Geometry (B.A.Shcerbakov, editor). - Shtiintsa, Kishinev, 1980, p.l20- 
135. 

[9] /. Guran. On topological groups close to being Lindelof / / Soviet Math. Dokl. 23 
(1981), 173-175. 

[10] P. Milnor, J. Pym. Haar measure for compact right topological groups / / Proc. 
Amer. Math. Soc. 114 (1992) 387-393. 

[II] /. Protasov. On totally bounded semigroups of continuous mappings (preprint). 

[12] /. Protasov. On Souslin number of totally bounded left topological groups / / Ukr. 
Mat. Zhurn. 54:11 (2002), 1581-1584. 

[13] /. Protasov. Small systems of generators of groups // Mat. Zametki, 76:3 (2004), 
420-426. 

[14] M. Tkachenko. Introduction to topological groups // Topology Appl. 86 (1998), 
179-231. 



4 



